In this paper, the problem of comfort and handling improvements of a ground vehicle is treated through the joint control of the suspension and braking systems. Two H∞ gain-scheduled controllers are synthesized to achieve, attitude and yaw performances according to the driving situation, observed through of a simple vehicle monitor. The proposed strategy tackles the nonlinear tire braking force in an original way and meets the situation dependent objectives of the vehicle in a unied framework. Simulations on a complex nonlinear full vehicle model, validated using experimental data obtained on a real vehicle, illustrate the improvements brought by the proposed approach.
Introduction

Motivations
In most automotive control design approaches, suspension and braking control systems are separately synthesized and locally tuned without considering their interaction The contribution of this works is in twofold: rst, the control structure achieves adaptive performances thanks to two external controller parameters fed by the monitor, while guaranteeing robustness properties and internal stability. Secondly, through a dedicated parameter, the braking controller always reproduces the ABS principle in an original way. The proposed design performances are assessed on a complex full vehicle model.
Paper structure and notations
The paper is structured as follows: Section 2 introduces the used nonlinear vehicle model, which has been validated on a real experimental vehicle 2 . The main contribution i.e. the gain-scheduled suspension and braking controller design procedure is provided in Section 3. In Section 4, typical driving situations are simulated on the nonlinear model and are compared with a classic xed gain approach (LTI design), illustrating the benets of the proposed parametrized design. Conclusions are given in Section 5.
Mathematical notations are standard: I n denotes the identity matrix of order n, then 
Full vehicle model
This Section is devoted to the description of the nonlinear full vehicle model. This model is based on results obtained in the literature (Chou and d'Andréa Novel 2005 , Gillespie 1992 , Zin 2005 . Additional analysis and discussions are also available in Poussot-Vassal (2008) Ph.D. thesis (Chapters 3 & 4) .
Throughout the paper, the following notations will be adopted: subscripts i = {f, r} and j = {l, r} are used to identify vehicle front, rear and left, right positions, respectively. The subscripts s and t indicate the forces provided by suspensions and tires, respectively. The subscripts x, y and z indicate forces or dynamical variables in the longitudinal, lateral and vertical axes, respectively. Let v = v 2
x + v 2 y denote the vehicle velocity, R ij = R − (z usij − z rij ) the eective tire radius, z defij denotes the suspension deection at each corner of the vehicle and m = m s + m us f l + m us f r + m us rl + m usrr the total vehicle mass. δ is the steering angle, u ij the suspension additional force and T bij , the torque provided by the braking actuator (see Section 3). Table 1 summarizes the model parameters, identied on a Renault Mégane Coupé, a sport-oriented car.
Dynamical equations
The chassis vertical (z s ), longitudinal (x), lateral (y), roll (θ), pitch (φ) and yaw (ψ) dynamics are given by the rst 6 equations of (1), where v x and v y denote the x-and y-directional velocities of the chassis, andż s is the z-directional velocity of the suspended mass. The vertical (z usij ) and rotational (ω ij ) motions of the wheels and center of gravity sideslip angle (β cog ) dynamics are given by the last 3 equations of (1), whereż usij is the z-directional velocity of the unsprung mass at the position indicated by i, j. As for forces, 
F tx f is the x-directional front tire force, F szij is the z-directional suspension force at the position indicated by i, j, etc. Those forces are mutually related as:
Finally, d subscripts represent disturbance force or moment (e.g. F dz is the vertical force disturbance and M dz is the disturbance moment along the z-axis).
Suspensions model (F sz )
Suspensions are usually modelled by a spring and a damping element. On real vehicles, their characteristics are nonlinear (see e.g. Zin et al. 2008) . In this paper, the next suspension model is adopted:
where F kij (.) and F cij (.) are the nonlinear stiness and damping force characteristics of the passive suspension system, function of the deection (z defij = z sij − z usij ) and deection velocity (ż defij =ż sij −ż usij ), respectively (illustrations of these forces are given in Poussot-Vassal et al. (2008c) ). In the above, u ij is the additive force of the active suspension, so u ij = 0 for uncontrolled vehicles.
Tires model
Wheel and tire/road contact modeling is a dicult problem and still remains a wide research area (see e.g. Denny 2005 , Kiencke and Nielsen 2000 , Canudas-de-Wit et al. 2003 , Velenis et al. 2005 . Here, based on results given in Kiencke and Nielsen (2000) , the following tire model is adopted (see also Figures 2 and 3).
Longitudinal tire model (F tx )
The longitudinal Burkhardt model is given as:
where Θ road type = [ϑ 1 , ϑ 2 , ϑ 3 ] gives the longitudinal road friction shape according to the considered road condition. F nij = −F tzij + g(m usij + m s /4) holds for the normal load applied on each wheel of the vehicle and λ ij is the longitudinal wheel slip ratio dened as:
where v ij is the vehicle velocity at each corner of the vehicle.
Lateral tire model (F ty )
The lateral tire force is a modied version of the Pacejka magic formulae. It is given by formulae (6) and illustrated on Figure 3 
where β f j = β f = −β cog − l fψ vx + δ and β rj = β r = −β cog + l rψ vx are the front and rear sideslip angles, respectively. B = (2 − µ)b t , C = (5/4 − µ/4)c t , D = d t µ and E = e t are the lateral tire parameters that are function of the tire/road adhesion coecient µ ∈ [0, 1]. The factor e −6|λij | 5 in the rst equation is inserted by the author to model the fact that lateral friction force decreases when slipping occurs. When vehicle is slipping, it is no longer manoeuvrable, therefore, lim λij →|1| F tyij = 0.
Vertical tire model (F tz )
Finally, the vertical forces are linearly described by F tzij = k tij (z usij −z rij )+c tij (ż usij − z rij ), where k tij and c tij are the tire vertical stiness and damping constant respectively. z usij and z rij are the unsprung mass displacement and road unevenness, respectively.
Actuators dynamic
In the presented approach, EMB (Electro-Mechanical Brake) and AS (Active Suspension) actuators are considered. The former allows to adjust the braking torque continuously. The latter is an electric actuator mounted on the suspension system allowing for force generation. These actuators will be modelled as rst order low-pass transfer functions:
The EMB actuators are modelled as: where = 70rad/s is the actuator cut-o frequency. T 0 bij and T bij are the braking controller and actuator outputs, respectively. In this paper, only the rear braking system is used to avoid coupling phenomena occurring with the steering system. The active suspension systems are modelled as:
where τ = 200rad/s is the actuator cut-o frequency. F 0 suspij and F suspij are the output of the suspension controller and actuator outputs, respectively. 7
Model remarks
The main interest in using the full vehicle model is that it allows to take into consideration nonlinear load transfers, slipping and sideslip angles, that are essential phenomena entering in the tire force, and consequently, in the global chassis dynamics. When dangerous and critical driving situations are under investigation, these dynamics have to be clearly captured by the model.
The aforementioned model will be used in Section 4 for validation purpose. The passive reference model corresponds to the conguration where u ij = 0 and T bij = 0 (i.e., no suspension and no brake control).
Main result: Suspension & Brake controller design
3.1. General structure As illustrated on Figure 1 , the main idea of the proposed structure is to design two controllers: one for the four suspensions and one for the rear braking systems. The coupling eects (i.e. interactions between the two controllers) are handled through two tuning parameters provided by the monitor. To design the two controllers, the full vehicle model dynamics is split into two separate models:
(i) Vertical model -used to synthesize the suspension controller: this model is usually used when comfort specications and road-holding in normal cruise situations are to be considered. Denoted Σ vert , it is obtained by linearisingz s ,θ,φ andz usij of (1). The resulting model is given by:
where,
(ii) Lateral model -used to synthesize the rear brake controller: This model is a simple extension of the classical bicycle model, which is classically used when yaw control and handling are studied. Denoted Σ lat , it is obtained by linearisingv y ,ψ andβ cog of (1), for a given nominal longitudinal velocity. It is given by:
Then, for each model, a controller has to be synthesized: the rst is an active suspension and the second one is a rear braking system controller. As the two controllers performance objectives might vary, according to the driving situations (normal, emergency, critical), these controllers are designed using LPV methods. The link between the two models and the performance compromise is achieved thanks to the monitor. This latter provides two parameters: (i) R b , for the braking controller and (ii) R s , for the suspension one. The aim of this monitor is to modify the two controller performances according to the degree of emergency. This modication is achieved through the gainscheduling (or LPV) approach. On Figure 1 , the two monitor output parameters R b and R s , are associated to K brake and K susp , respectively.
Monitor description
The aim of the monitor is to provide the suspension and the braking controllers with a parameter standing for the driving situation in order to overcome conicts of the objectives of the two controllers and to achieve well-coordinated action. The monitor provides:
(i) The Braking parameter R b = min j=l,r (r bj ), a function of the absolute value of the rear slip ratio, |λ rj |. Where r bj is dened as a relay function delimiting the three main zones of the braking force (see Figure 4 ): Figure   4 ). In this congurations, slip dynamics is stable. when the slip ratio raises (such that λ > λ + ), the slip dynamics enters the critical tire zone (decreasing slope of Figure 2 ), then R b → 0 (right area of Figure 4 ). At this moment, the slip dynamics is unstable and wheel tends to lock. from a high slip situation, when the slip value decreases and becomes lower than λ − , tire comes back to the linear zone and wheel is no longer locked, R b → 1.
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The {λ − , λ + } couple parametrizes the R b behaviour and aims at detecting when the slip enters the unstable zone. Section 3.3 illustrates how this coecient is used in the control scheme to avoid wheel locking. For numerical simulations, the threshold couple is select as: {λ − , λ + } = {0.08, 0.1}.
(ii) The suspension monitor R s is simply a function of the R b parameter, dened as: 
In the following subsections, both controllers are computed using the LPV/H ∞ methodology in order to meet the varying performance objectives. The LPV design makes it possible to smoothly change control performances thanks to R b and R s parameters adaptation, while guaranteeing internal stability and minimizing the L 2 to L 2 norm of the transfer from exogenous inputs to controlled outputs. First, both braking and suspension LPV generalized problem are presented in Sections 3.3 and 3.4. Secondly, since the problem resolution is similar for both controllers, the LMI-based control synthesis is recalled in Section 3.5 for the dynamical output feedback case with one single parameter dependency.
Problem formulation for the design of the Braking controller
The braking system aims at improving handling, avoiding emergency situations such as yaw rate error and large lateral accelerations. One of the main challenging task in braking control is to provide an optimal force with respect to the nonlinear tire characteristics.
Here, this problem is tackled in an original manner using the LPV/H ∞ design methodology. Indeed, the varying parameter is the brake monitor R b , acting on the weighting lters. As suggested in the monitor section, R b aims at ensuring that the required braking force remains in the linear stable zone of the tire characteristic and close to the maximal braking force. For this purpose, the following generalized control plant (used for control design purpose), including the weight functions, the exogenous inputs (ψ ref (v) −ψ and M dz ) and controlled outputs (z 1 and z 2 ), is illustrated on Figure 5 :
Let W eψ , describing the yaw rate error performance (reference being provided by a nonlinear undisturbed bicycle model), be given as: where w 1 = 2πf 1 , with f 1 = 1Hz is the tracking error performance cut-o frequency, G e is the steady-state tolerated error. In this case, G e = 0.1, which means that below f 1 , the tracking yaw rate error must be lower than 10%, and over f 1 , error gain amplication is bounded by k = 2 (allowing for a modulus margin below than 0.5). Let W T b rj (R b ) be a parameter dependent weight, acting on the controller gain, dened as:
where is the braking actuator cut-o frequency. · when R b → 1, the weighting function gain is low, hence the braking control signal gain will be allowed. Therefore, the braking action is activated.
· conversely, when R b → 0, the slip ratio is higher and might enter the unstable tire zone. Consequently, the weighting function gain is high, leading to the deactivation of the braking signal, therefore, a natural stabilisation of the slip dynamic (until R b comes back to 1). When the slip ratio (λ) becomes too high, this mechanism will lead to bring it back to lower values. As the R b parameter is varying in an hysteresis way, the slip ratio will be "trapped" between λ − and λ + when high torque is required, guaranteeing good braking and avoiding slipping, reproducing the ABS principle (see Section 4).
Remark 1 : About the nonlinear tire characteristics
Since the controller design is done on a linear model, when high braking is applied, the model is no longer representative of the real road/tire friction. As a matter of fact, the R b monitoring step is essential to obtain good braking performances and to avoid slip dynamics increase.
Finally, with reference to Σ lat , weight functions dened above and interconnection given on Figure 5 , the following parameter dependent brake generalized plant (Σ gl (R b )) is obtained:
where x wl are the states associated with the lateral weighting lters (i.e. W eψ and W T b rj (R b )). This aforementioned generalized model is used for the LPV/H ∞ controller design.
Problem formulation for the design of the Suspension controller
Similarly to the braking controller, attitude control is ensured through suspension system (Sammier et al. 2003) . The generalized control plant, including the weight functions, the exogenous inputs (z rij , F dx,y,z and M dx,y ) and controlled outputs (z 1 , z 2 and z 3 ), is illustrated on Figure 6 : With reference to Figure 6 , the performances are dened through the following lters: Let dene W zs (R s ) as:
dening the performance of the suspended mass (z s ), shaped to reduce bounce amplication up to 10Hz (f 1 = 10Hz). When R s → 1, the control focusses on z s attenuation, i.e. on comfort objective.
Let W θ (R s ) be the performance lter acting on the roll, be dened as:
where, f 2 = 2Hz. When R s → 0, amplication in low frequencies and the frequency peak at 9Hz aims to be ltered, leading to safety enhancement. Let W uij be dened as:
used, to limit the control signal amplication. The coecient depends on the considered actuator gain.
Finally, the complete suspension control law is then given as:
where u H∞ ij is obtained by the LPV/H ∞ design and c 0 j is the nominal damping factor at front and rear positions of the vehicle (c 0 f = 700N/m/s and c 0 r = 1400N/m/s). Then, accordingly to the parametrized weight functions and the complete control law in (21), it turns that, when the braking is in the linear zone (tire stable zone, i.e. R s → 1), suspensions are tuned to improve comfort. Consequently, nominal damping c 0 j is scaled to be low and weighting function aims at ltering chassis heave amplications. So it is conversely.
Finally, with reference to Σ vert , weight functions dened above and interconnection given on Figure 6 , the following parameter dependent suspension generalized plant (Σ gv (R s )) is obtained:
where x wv are the states associated with the vertical weighting lters. This latter generalized model is used for the LPV/H ∞ controller design.
LMI-based Brake and Suspension controller synthesis
With reference to the two generalized models (16) and (22), the associated LPV controllers are obtained through the same resolution. Here, the LMI-based resolution is done with YALMIP parser (Lofberg 2004) and SeDuMi solver (Sturm 1999) . In this case, we seek for two dynamical output feedback controllers (K brake and K susp ), dependent on a scheduling parameter (R b or R s ), achieving H ∞ closed-loop performances. The solution of this LPV/H ∞ problem is briey recalled here. Since the resolution is similar for both cases, let denote Σ g the generalized plant (i.e. either Σ gl or Σ gv ) and R, the varying parameter (i.e. either R b or R s ).
In the H ∞ approach, the control synthesis relies on a disturbance attenuation problem. It consists in nding a stabilizing controller that minimizes the impact of the input disturbancesw(t) on the controlled outputz(t). In the case of the LPV/H ∞ control, this impact must be measured thanks to the induced L 2 -L 2 norm, which is referred to as a H ∞ problem and is represented in 
The H ∞ control synthesis solution for LPV systems is extended from the LTI one. Both following propositions solve the LPV/H ∞ problem using a polytopic approach for one single varying parameter. The rst one is related to the feasibility, and the second one, to the controller reconstruction (Scherer et al. 1997 ).
Proposition 1 : LPV/H ∞ feasibility
Let consider the interconnection in Figure 7 , where Σ g (R) is dened by the state space representation given in (16) or (22). There exists a full order dynamical output feedback controller of the form, 1 satised) , the controller reconstruction is obtained by solving the following system of equations at each vertex of the polytope, i.e.: 
where α > 0. Then, the optimization consists in maximizing α. This procedure maximizes the minimal eigenvalue of XY , in order to be pushed away from I. This avoids a bad conditioning when inverting M and N in the controller reconstruction step.
Synthesis results
By applying Proposition 1 and 2 to the brake and suspension generalized plants, two parameter dependent controllers are obtained. The suspension control law is thus:
where K s (R s ) and K s (R s ) are the controller solution of the LMI based polytopic problem. Similarly, the braking control law is dened as:
where K b (R b ) and K b (R b ) are the controller solving the LMI based polytopic problem.
Suspension controller
The suspension controller performances, for varying R s values, are shown on Figures 8  and 9 . It illustrates the closed-loop Bode diagram for R s ∈ (0, 1). It is worth noticing that attenuation of the transfer functions from z r to z s andz s implies comfort enhancement, and, conversely, that of the transfer functions from z r to z us and z def provides roadholding improvement. Figure 8 illustrates that when R s → 1, the suspension tends to improve comfort while deteriorating road-holding (and reciprocally). Similarly, Figure 9 shows the results concerning the chassis attitude (roll and pitch) with respect to disturbing moments (e.g. caused by a braking or cornering action).
These Bode diagrams illustrates the fact that, a modication in the R s parameter induces a suspension control behaviour adaptation. 
Braking controller
In the braking controller design, the parameter dependency only aects the control signals (i.e. W T b rj (R b )). On Figure 10 , it is shown how the Brake controller behaves according to R b . Figure 10 clearly illustrates that when R b → 1 (when the slip ratio λ is low), high braking torque is allowed, leading to the activation of the barking system. Conversely, when R b → 0, the braking torque is drastically limited. As a matter of fact (i) when the monitor detects low slip values, the controller is "active" (R b high and control torque is allowed); (ii) when the monitor detects high slip values, the controller is de-activated. Consequently, the slip ratio naturally comes back to the stable safe zone, as it is expected.
Simulation examples
So far, the interest of the proposed method has been presented through the physical meaning of the H ∞ weighting lters. In this section, simulations are performed on the full nonlinear vehicle model given in Section 2, using the numerical values identied on a Renault Mégane Coupé. From now on, the performances obtained by the proposed gainscheduled controller, denoted as 'LPV', are analysed and compared to the uncontrolled Renault Mégane Coupé car, denoted as 'Passive' or 'Uncontrolled', and, for the sake of completeness, to a simple LTI/H ∞ controller (synthesized with the same weighting lters, but with a frozen value {R s , R b } = {1, 1}).
Test 1: Double line change scenario
The following scenario is simulated (see also Figure 11 ): (i) Vehicle runs at 130km/h in straight line on a dry road.
(ii) A 5cm bump on the left wheels (from t = 0.5s to t = 1s) (iii) A double line change manoeuvre is performed (from t = 2s to t = 6s) (iv) A lateral wind occurs at vehicle's front, generating an undesirable yaw moment (from t = 2.5s to t = 3s) (v) 5cm bump on the left wheels, during the manoeuvre (from t = 3s to t = 3.5s) Resulting to scenario 1, Figure 12 shows the obtained monitored signals, gathering the slip (λ) with the R b and R s monitor output values. At the beginning of the experiment, the vehicle is in a safe situation; consequently the R b and R s parameters are set to one i.e. in comfort position.
At time t = 2.5s, the vehicle is subject to a positive yaw moment disturbance, leading to an undesirable yaw rate error. Consequently, the rear right wheel brake is activated to overcome the loss of trajectory and re-stabilize the vehicle. Since the required braking torque is very high, the slip ratio (λ) rapidly raises.
Since the 'LTI controller' increases the braking force without handling the slip dynamics, the wheel locks and the brake force saturates (left frame of Figure 13 and 14) . Conversely, thanks to the monitor detecting the slip increase, the R b parameter is decreased during all the braking duration to avoid locking and yielding to a better braking eciency provided by the 'LPV controller' (see right frame of Figure 13 and 14) .
This rst result emphasizes the interest of the LPV structure for the braking control. Indeed, thanks to the braking parameter value (R b ), reproducing the ABS principle, the vehicle using the gain-scheduled controller provides a braking force that stays close to the optimal zone avoiding the dangerous slipping phenomena, which is another contribution in this controller design. With reference to middle frame of Figure 12 , it is interesting to note that R b chatters between t = 3s and t = 4s, allowing for braking repetitive de-activation/re-activation. This mechanism is clearly recalls the ABS one.
Moreover, the interest of the LPV design is also present in the vehicle global behaviour and in the suspension adaptation to a "dangerous" situation, making the actuators collaborate. Indeed, in the same time period (t = 3s to t = 4s), the R s parameter, associated to the suspension controller is set to R s = 0 in order to adjust the suspension system to Figure 12 ). The vertical behaviour is given on Figure 15 .
Considering the 'LPV controller', during the rst bump, the vertical acceleration is much more reduced, than during the second one (while both bumps are of same amplitude). Actually, during the second road bump, the suspension controller focusses on road-holding, therefore, the vertical vehicle acceleration is not enhanced as much as during the rst one. Note also that while the 'LTI controller' gives the same performances for the two bumps, the LPV one degrades its comfort performances during the critical driving phase in order to focus on road-holding (between t = 2s and t = 4s). It results in a higher vertical acceleration of the suspended mass when the vehicle is in critical situation.
Test 2: Vehicle stability analysis
While the rst example illustrates the suspension adaptation and the ABS principle, this second one focuses on handling enhancement. Here, let consider a double line change at 90km/h on an icy road. As previously, comparisons prime car', the 'LTI' and the 'LPV' control designs. Figure 16 compares the yaw rate (ψ) and lateral velocity (ẏ s ) dynamics for all the controllers. With reference to Figure  16 , the following comments hold: the yaw rate tracking (top frame of Figure 16 ) is well done by the LPV control, while the LTI one clearly shows to become inecient. This is due to the fact that the ground adherence is very low, hence the LTI controller quickly enters the slip instability and produces non appropriate braking torques, leading to wheel locking and potential vehicle skidding. Conversely, the LPV controller adapts its braking control thanks to the monitoring value. the same observation holds on the lateral velocity (ẏ s ). The bottom frame of Figure  16 shows that the LTI controller implies high lateral velocities. Finally, the wheel velocities and tire forces are shown on Figure 17 and 18, respectively.
By comparing the braking and wheel velocities signals, plotted on Figure 17 , one clearly see that the proposed LPV design handle the high nonlinearity introduced by the longitudinal tire characteristics, avoiding wheel locking phenomena. The 'LPV' strategy avoids skidding situation while the 'LTI' one leads actuators to saturation and slip instability. Additionally, loss of manoeuvrability is avoided thanks to slip indirect control.
Conclusions
In this paper, a global chassis strategy involving both active suspension and rear braking systems, is presented. The originality of the proposed design relies in the introduction of two parameters to handle the performance compromise, actuator eciency and well-coordinated action. The proposed design handles the driving situation dependent objective in a unied way. Both vehicle yaw stability and attitude are improved using the gain-scheduled robust methodology (adjusted with H ∞ criteria). Internal stability and eective actuator use, over a large driving situation, are ensured. The braking strategy, that reproduces the ABS working principle, is also designed in an original way, which is an other contribution of the paper. The authors stress that an advantage of such a method is that the exact knowledge of the tire force curve is not needed to guarantee good performances and keep vehicle stability, whatever the road condition.
Simulations of dangerous driving situations, performed on a complex nonlinear model (validated on real experimental data), have shown the eectiveness of the proposed struc- ture.
